The 3-dimensional gauge-Higgs system describes the non-perturbative infrared effects of the high-temperature phase of the Standard Model. We calculate the two-loop selfenergies in the 3-dimensional SU (2) Higgs model and in the corresponding gauged nonlinear σ-model. As an application of the results, we estimate the dynamically generated vector boson mass in the symmetric phase of the Higgs model by means of gap equations. *
Introduction
The 3-dimensional gauge-Higgs system is interesting in many respects. The phase structure of the Abelian model describes type-I and type-II superconductors [1] , whereas the non-abelian SU(2) Higgs model serves as the high-temperature limit of the corresponding 4-dimensional theory and the electroweak Standard Model. It is important for the study of the electroweak phase transition and, since it contains all the infrared physics of the full theory, for investigating non-perturbative effects, which are expected in the high-temperature (symmetric) phase [2, 3] . Already Feynman stressed the importance of examining the 3-dimensional theory as a first step to understand confinement in QCD [4] . Both the 3-and 4-dimensional theories confine with a linear potential.
Lattice simulations of the Higgs model in 3 dimensions have shown that a mass gap exists in the symmetric phase with a particle spectrum consisting of bound states of gluons with scalars [5] and of bound states of gluons only (glueballs) [6] . In order to illuminate the connection between Higgs phase and symmetric phase in 3 dimensions, it is important to understand the behaviour of the vector boson propagator. A propagator mass for the vector boson was studied on the lattice in [7] . In this paper, we concentrate on an analytical treatment of the model, in particular on propagator effects. We calculate the self-energy of the Higgs and vector boson to two-loop order. The one-loop self-energy for the vector boson turns out to be dominated by the diagrams obtained in the corresponding non-linear σ-model [8] . This is why we consider this simpler model first in our two-loop calculation.
In the symmetric phase of the 3-dimensional SU(2) Higgs model, gap equations provide an analytical tool to calculate the vector boson propagator mass [8] . The gap equation is a selfconsistent equation for the self-energy after resumming perturbation theory. We have recently extended this method to two-loop order in the non-linear σ-model [9] . Here, we solve the two-loop gap equation for the vector boson in the linear Higgs model and compare the result with the two-loop gap mass in the non-linear case. With the help of the two-loop self-energies evaluated here, we show that the non-linear σ-model constitutes a reasonable approximation for infrared effects of the linear Higgs model.
In section 2, the two-loop calculation of the vector boson self-energy in the non-linear σ-model is presented in unitary and in Feynman gauge. The gauge-independence of the pole of the propagator is verified. In section 3, the corresponding calculations are done for the Higgs and the vector field in the SU(2) Higgs model.
In section 4, the two-loop gap equation is calculated in the SU(2) Higgs model. The analysis of the two-loop gap equation for the vector boson mass in Feynman gauge suggests that the gap equation approach is a reliable method to calculate the transverse propagator mass of the vector boson in the symmetric phase.
Appendix A summarizes the basic two-loop integrals. In appendix B, the two-loop results of the non-linear σ-model are presented in more detail keeping the dimension arbitrary, and finally in appendix C, the two-loop Higgs and vector boson self-energy in the SU(2) Higgs model are given in unitary and in Feynman gauge.
2 The vector boson self-energy in the non-linear σ-model
The model
Our starting point is the action of the 3-dimensional SU(2) Higgs model, which is given by
Here W µ is the vector field, σ is the Higgs field, π is the Goldstone boson field and τ the triplet of Pauli matrices. To obtain the non-linear σ-model, one eliminates one degree of freedom by the constraint
and takes the limit λ, µ → ∞.
, one then arrives at the following Lagrangian,
Note that we have neglected all higher-dimensional operators which do not contribute to the two-loop self-energy. In unitary gauge the unphysical degrees of freedom decouple and one is left with a massive Yang-Mills theory,
with The advantage of the unitary gauge is that only a minimal amount of diagrams has to be calculated. The one-loop self-energy in unitary and renormalizable gauges can be found in [8, 10] . On mass-shell they coincide due to the BRS-invariance of the Lagrangian.
In the non-linear σ-model there are non-renormalizable vertices. At the one-loop level, no problem concerning renormalization arises, as the non-renormalizable couplings do not contribute to this loop order. Moreover, in dimensional regularization, all one-loop integrals are finite in 3 dimensions. To two loops the situation is more difficult.
Two-loop self-energy in massive Yang-Mills theory
In unitary gauge, only 9 two-loop diagrams have to be evaluated for the non-linear σ-model. They are depicted in fig. 1 .
As all propagators are massive and the external momentum does not vanish, the reduction of the scalar integrals to basic integrals with no momenta in the numerators turns out to be the most difficult step in the calculation. For propagator type integrals this task has been achieved only recently by Tarasov [11] . Using his recurrence relations it is possible to reduce the self-energy integrals to a small set of linearly independent basic integrals. For the first time, this method achieves a complete reduction and stays on an algebraic level as far as possible. Since the recurrence relations are in some cases quite involved, they have to be implemented into a FORM package [12] . In unitary gauge, the situation is even more complex due to the high powers of momenta in the numerator. A peculiarity of the unitary gauge is that the limit ξ → ∞ must be performed before divergent integrals are evaluated [13] . Otherwise, one would get an infinite result for the self-energy.
The reduction program in FORM yields for the sum of the transverse parts 
The sum of the longitudinal parts adds up to 0 for all external momenta p, which is a nice check of the calculation. In 3 dimensions, I(p 2 )(m, m, m) and I(0)(m, m, m) are logarithmically UV-divergent, whereas all other basic integrals are finite in dimensional regularization. In d = 3 − 2ǫ, these two integrals exhibit the following behaviour for small ǫ,
leading to poles in the self-energy,
which cannot be dealt with by a mass or wave function renormalization. As we will see in the next section, this is due to the bad high-energy behaviour of the propagator in unitary gauge. A similar problem arises already at one loop, if one uses cutoff-regularization. Calculations of counter-terms cannot be done in unitary gauge. However, if one is interested in finite parts of gauge-invariant quantities like poles in propagators, the unitary gauge provides a convenient short-cut of the calculation.
Two-loop calculation in Feynman gauge
The diagrams which have to be evaluated in Feynman gauge are depicted in figure 2. In the sum of the transverse parts of the generic two-loop diagrams Π
2−loop T
, the coefficients in front of the products of one-loop basic integrals do not coincide in unitary and in Feynman gauge.
However, this gauge-dependence combined with the gauge-dependence in
2 ) at the two-loop level. This quantity is nothing but the two-loop pole of the propagator, which should be gauge-invariant in BRS-symmetric theories [14] . The preceding statements can be checked using the result of the last section and the sum of the generic two-loop diagrams in Feynman gauge written in appendix B. We obtain the same position for the pole of the propagator as in unitary gauge. The Feynman gauge is a renormalizable gauge. Collecting the coefficients of I(p 2 )(m, m, m)
and I(0)(m, m, m), we get the following poles in ǫ for the self-energy
According to eq. (10), a mass and wave function renormalization removes the infinities in the two-loop self-energy. This is also suggested by naive power counting. We change parameters according to
shift the Higgs field σ around its classical minimum σ = 2m g + σ ′ , and add an R ξ -gauge fixing
∂ µ W a µ − ξmπ a and the corresponding ghost terms in the usual way. The resulting Lagrangian reads,
The one-loop results for the self-energies in R ξ -gauge can be found in [8] . The on-shell selfenergies coincide for all gauges.
Two-loop self-energy for the Higgs field
The generic two-loop Higgs self-energy diagrams are depicted in appendix C. The sum of these diagrams is evaluated on mass-shell,
The lengthy expressions resulting from the reduction to basic integrals can also be found in appendix C in Feynman gauge and in unitary gauge. For the sum of the generic two-loop diagrams Σ 2−loop , the unitary gauge result differs from the result in Feynman gauge only by products of one-loop integrals. Quantitatively,
This ensures that neglecting the resummation counter-terms, the pole of the Higgs boson propagator is gauge parameter independent to two loops. The underlying reason for this powerful check of the calculation is the BRS-invariance of the linear model. Eq. (13) can be verified using the expressions in appendix C and the one-loop results in [8] and section 3.1.
Concerning renormalization, eq. (29) leads to the following pole structure in ǫ for the Higgs self-energy (keeping the external momentum p 2 arbitrary),
As expected in the super-renormalizable 3-dimensional Higgs model, no wave function renormalization is necessary. For the Higgs field, we have to add only a mass renormalization counter-term.
Two-loop self-energy for the vector field
The analogous calculation is performed for the vector boson field. The sum of the generic twoloop diagrams shown in appendix C is evaluated in Feynman and unitary gauge in d = 3 − 2ǫ on mass-shell, p 2 = −m 2 (note, that we only draw those Feynman diagrams, whose transverse part is non-zero).
A relation similar to eq. (13) holds for the transverse two-loop vector field self-energy. As for the Higgs field, it can be verified, that the pole of the transverse part of the vector boson propagator is gauge-invariant to two-loop order. In dimensional regularization, the divergent terms in the vector self-energy (evaluated for arbitary external momentum p 2 ) can be obtained from eq. (30),
As for the Higgs field, no wave function renormalization is needed for the vector field. There is only a renormalization of the vacuum expectation value. Comparing eq. (15) with eq. (14), one can see a simple relation between the divergent terms: the coefficients of the divergent terms differ only by the factor 
Two-loop gap equation in the SU (2) Higgs model
In the high-temperature phase of the standard model a naive perturbative expansion with a vanishing vector boson mass leads to severe infrared divergences in the magnetic sector of the theory [3] . Introducing a non-vanishing mass which acts as an infrared cut-off can cure these problems. The symmetric phase is expected to be governed by non-perturbative effects whose size is determined by the magnetic screening length, which is the inverse of the magnetic mass. In an apparently massless 3-dimensional Yang-Mills theory, the gauge coupling g 2 carries the dimension of mass, thereby providing a natural mass scale. The propagator mass of the vector boson can be calculated analytically using gap equations [8] . In this chapter, we investigate two-loop effects on the gap equation in the 3-dimensional Higgs model.
Gap equations and resummation
We again consider the model defined by eq. (1). We are interested in the Higgs and vector boson masses in both phases which determine the exponential fall-off of the corresponding two-point functions at large separation |x − y|,
In the Higgs phase, these 2-point functions can be evaluated in perturbation theory. The masses m and M are given by the gauge-independent poles of the corresponding propagators in momentum space. In eq. (1) we shift the Higgs field σ around its vacuum expectation value v, σ = v + σ ′ , add an R ξ -gauge fixing term and the corresponding ghost terms in the usual way.
This yields the following masses for the vector boson and the Higgs field,
The ghost and Goldstone boson mass is given by √ ξm 0 . In order to extract a non-vanishing mass in the symmetric phase, where in ordinary perturbation theory v = 0, we add and subtract a mass-term. The tree-level masses m 
where m and M enter the propagators of the loop expansion, and δm 2 and δM 2 are treated perturbatively as counter-terms. For a gauge-invariant one-loop gap equation it is necessary and sufficient to have a BRS-invariant resummed tree-level action. This requires a suitable resummation of the ghost and Goldstone boson mass as well as of the following vertices,
The resulting Lagrangian reads [8] ,
where L R equals the one in eq. (12), In resummed perturbation theory, the vertices defined by L 1 are treated as counter-terms. The coupled set of gap equations for the poles of the Higgs and vector propagator then reads,
where Σ is the one-loop Higgs boson self-energy and Π T is the transverse part of the vacuum polarization tensor. In resummed perturbation theory, one expands eq. (21) to the desired order and solves the set of gap equations for m. In theories with a BRS-symmetry the position of the pole of the propagator and therefore the first two eqs. in (21) are gauge-independent on mass-shell [14] . The self-energy itself is not gauge-invariant on mass-shell except at the one-loop level. Only to one-loop, the denominators in the LHS of eq. (21) can be neglected. To one loop, the third equation of (21), which determines the vacuum expectation value v of the Higgs field self-consistently, is not gauge parameter independent since v is no physical observable. On the other hand, the masses obtained form the gap equations (21) must be gauge independent. The weak gauge dependence induced by the gauge dependence of v therefore has to be cancelled by higher order contributions.
Details of the one-loop calculation in renormalizable gauges and the solutions of the gap equations in the linear Higgs model in Landau gauge can be found in [8] . The main result is that deeply in the symmetric phase, the value for the gap mass is approximately the same as the one obtained in a non-linear σ model, which requires the evaluation of much less diagrams. The analytical result for the one-loop gap mass in the non-linear σ-model is,
Two-loop gap equation in the non-linear σ-model
The two-loop calculation of the gap equation in the non-linear σ-model using the self-energies evaluated in chapter 2 can be found in [9] . It is a crucial test for the consistency of the whole approach since the loop expansion does not correspond to an expansion in a small parameter g 2 m . Nevertheless, this does not exclude that the one-loop result provides a reasonable approximation for the true mass gap. This is a question of numerical factors. The two-loop gap equation is quadratic in m, whereas at one loop it is linear. The existence of a positive solution is therefore a non-trivial check for the method. The results for the gap mass are listed in table 1.
The calculation in the non-linear model shows, that the two-loop correction to the one-loop gap mass is only 15 − 20%. The dependence on the gauge parameter ξ and the renormalization scale µ M S is very small numerically. For a more detailed discussion see [9] . The two-loop gap mass is in good agreement with the results form the other one-loop calculations [10, 15, 16] and in perfect aggrement with the lattice result in [7] . To judge the significance of the result in the non-linear case, it is crucial to perform the whole calculation in the Higgs model, which is super-renormalizable. Table 1 : Solutions of the two-loop gap equation
Two-loop gap equation in the Higgs model
In the two-loop calculation, we will not solve the complete set of three gap equations, but restrict ourselves to the first of eqs. . From the treatment in Landau gauge in [8] we see, that 1 ≤ z ≤ 2 is a reasonable choice for the symmetric phase. z ≥ 2 is forbidden, since in this case the Higgs boson can decay into two vector bosons. As a consequence of this, there will be poles in the two-loop result for the self-energy for M = 2m. The one-loop gap equation for M is complex for z > 2.
It can be seen that there is a constant value for the vector boson mass deeply in the symmetric phase.
We aim at a solution of eq. (21) to two-loop order. Since solving the complete set of three gap equations (21) would be unnecessarily complicated, we will use the following short-cut. We look at first equation in eq. (21), the gap equation for the vector boson, for different values of z, which are typical for the symmetric phase according to the one-loop calculations. For µ 2 and v we will insert the corresponding one-loop results from table 2. As already explained, the gap equation is gauge parameter dependent. We restrict the discussion to Feynman gauge. In setting up the vector field gap equation we have to insert the third equation of (21). This condition reduces the amount of one-loop counter-term and generic two-loop self-energy diagrams which contribute to the first equation of (21). We can leave out all the two-loop diagrams involving tadpoles as well as the one-loop counter-term diagrams which contain the scalar one-point function. The remaining one-loop diagrams with resummation counter-terms contributing to the first equation of (21) are depicted in fig. 3 . Their on-shell value is given by 
With all the quantities evaluated above, we are now in the position to discuss the two-loop gap equation for the vector boson field,
The gap equation is investigated for different z, with 1 ≤ z ≤ 2. We choose z = 1, 1.2, 1.4, 1.6, 1.8. As in the non-linear σ-model, we work in the MS-scheme. It turns out, that the coefficient in front of the µ M S -dependent terms is negligibly small. Therefore, we set µ M S = m in what follows.
The solutions of eq. (24) for different values of z are listed in table 3. They are compared with the one-loop result in Feynman gauge.
For the scalar coupling λ g 2 , we choose 1 8 . For this value, a crossover behaviour was found for the transition between the Higgs and the symmetric phase. As table 3 shows, the twoloop solutions exhibits a similar behaviour as the one-loop gap mass: it is numerically nearly independent of the value of the Higgs mass. Moreover, the two-loop correction is of the same sign and approximately of the same size as the correction in the non-linear σ-model. To estimate this effect, we vary µ 2 and v around the one-loop solutions of table 2 for a fixed value of z (z = 1.6) and show that there is only a small numerical influence on the two-loop gap mass (see tables 4 and 5). The small numerical difference between the gap mass in the linear and non-linear model as well as the approximate independence of the gap mass of the Higgs mass M shows that the non-linear σ-model describes the infrared limit of the linear Higgs model and of the electroweak Standard Model at finite temperature to a very good approximation.
Conclusions
We have investigated two-loop effects on the propagator in the following 3-dimensional theories: a resummed massive Yang-Mills theory, a resummed non-linear σ-model in arbitrary gauge and a resummed SU(2) Higgs model in unitary and Feynman gauge.
The two-loop calculation of the transverse vector self-energy in the non-linear σ-model in unitary gauge shows divergences with high powers of the external momentum. They cannot be removed by a renormalization of the mass or the wave-function. This is because the unitary gauge is a non-renormalizable gauge. In renormalizable gauges, a mass and wave-function renormalization are sufficient to get rid of the infinities. To three-loop order, naive power counting suggests that a similar problem also arises in renormalizable gauges. This is due to the non-renormalizability of the non-linear σ-model. In the linear Higgs model, however, we have seen that at the two-loop level a mass renormalization is sufficient in Feynman gauge, as expected in a super-renormalizable theory in 3 dimensions. In unitary gauge of the linear model, however, the problematic situation remains.
The two-loop self-energies for the Higgs and the vector field have then been applied to set up the gap equations for the vector boson mass in the symmetric phase of the Higgs model. The two-loop gap equation in a resummed non-linear σ-model was already discussed in our previous paper [9] and shows a real and positive solution for the vector boson mass m ≃ 0.34 g 2 .
The corresponding calculation in the super-renormalizable Higgs model is crucial to judge the significance of a calculation in the non-renormalizable non-linear sigma model. We have solved the gap equation for the vector boson mass varying the Higgs mass. In the symmetric phase, the result for the gap mass m ≃ 0.31 g 2 is almost independent of the Higgs mass. This proves that the non-linear σ-model is a very good approximation for infrared phenomena of the linear Higgs model. Moreover, the two-loop correction in the linear model is of similar size as in the non-linear model. A vector boson mass ≃ 0.31g 2 or ≃ 0.34g 2 is not in contradiction with confinement. It is of the same size as the confinement scale given by the string tension [17] . The connection of such a propagator mass to the heavier glueball masses ∼ O(1)g 2 [6] remains to be clarified.
The result of the two-loop calculation in the considered 3-dimensional models suggests that the gap equation approach is a reliable method to calculate the transverse propagator mass of the vector boson in the symmetric phase. The two-loop calculation is a crucial test for the consistency of the whole method. The physical interpretation and the connection to the masses of bound states studied on the lattice requires further investigations [20] .
A Basic two-loop integrals
In 3 Euclidean dimensions, the two-loop basic integrals are defined as, 
Apart from the master integral F (m 1 , m 2 , m 3 , m 4 , m 5 ), which has to be evaluated numerically, there exist analytic expressions for the basic integrals in d = 3 − 2ǫ dimensions [18] . For F a one-dimensional integral remains. The coefficients in front of the generic basic two-loop integrals coincide in unitary and Feynman gauge on mass-shell, see eq. (7). More detailed results for single two-loop diagrams can be found in [19] . 
